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Abstract. We classify elliptic K3 surfaces having two singular fibers of type I∗4 into
two classes by their Weierstrass equations. For the one class, we give so called Kummer
sandwich theorem for type I∗4. A general member of the other class is isomorphic to a
Kummer surface , and thus it does not admit a Shioda-Inose structure.
1. Introduction
Shioda and Inose [13] showed that if X is a K3 surface with Picard number 20, then
there exists an involution ι on X such that X/ι is birational to a Kummer surface S. This











in which A is an abelian surface whose Kummer surface is S. They further showed that
this diagram induces a Hodge isometry on the transcendental lattices of X and A. This
structure on a K3 surface X with an abelian surface A and its Kummer surface S is called
Shioda-Inose structure (Definition 7.1). They constructed an elliptic K3 surface X with
two singular fibers of type II∗ by taking a double covering of an elliptic Kummer surface
S of product type with one singular fiber of type II∗, and showed that X is isogenous to
S. Namely, there exists a rational map of degree two from X to S. Morrison [5] gave a
generalization of the work of Shioda and Inose [13] in the case ofK3 surfaces with smaller
Picard number. He showed that any algebraic K3 surface with Picard number 19 or 20
admits a Shioda-Inose structure, and gave precise conditions for which a K3 surface with
Picard number 17 or 18 admits a Shioda-Inose structure.
Recently, Shioda [12] gave the following Kummer sandwich theorem.
THEOREM (Kummer sandwich theorem [12]). For any elliptic K3 surface X with
two singular fibers of type II∗, there exists a unique Kummer surface S of product type
together with symplectic involutions σ, τ on S such that (i) the quotient surface S/〈σ 〉 is
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birational toX, and (ii) the quotient surface S/〈σ, τ 〉 is birational to S itself. In particular,
S dominates and is dominated by X, by the rational maps of degree two:
φ : S  X , ψ : X  S .
A symplectic involution on a K3 surface is an involution which preserves holomor-
phic 2-forms. It is known that the quotient of a K3 surface by a symplectic involution is
birational to a K3 surface [6, §5].
The last assertion of Kummer sandwich theorem expresses an isogenous relationship
of X and S. This isogenous relation is shown in [13] in the case of complex singular K3
surfaces. This theorem is a refined generalization of this fact.
In this paper we prove an analogous theorem for elliptic K3 surfaces having two I∗4-
fibers, instead of two II∗-fibers. Generally speaking, a singular fiber of type I∗4 (lattice type
D8) and a singular fiber of type II∗ (lattice type E8) has the same Euler number and have
the same number of irreducible components. Thus, the Picard number of an elliptic K3
surface with two I∗4-fibers is at least 18. We denote a set of elliptic K3 surface having
two singular fibers of type I∗4 by (I∗24 ). Shioda denoted a set of elliptic K3 surface having
two II∗-fibers by (II∗2) and showed the Kummer sandwich theorem for any X ∈ (II∗2).
However, our case is different from the case of II∗-fibers. The family (I∗24 ) consists of two
components. We describe how to classify the family (I∗24 ) into the two components, and
state main theorems below.
Since any X ∈ (I∗24 ) can be regarded as an elliptic curve over the function filed of its
base curve P1t , X has the following Weierstrass equation
(1.1) y2 = x3 + A(t)x + B(t) , A(t), B(t) ∈ C[t] .
We may assume that the two I∗4-fibers lie over 0 and ∞ ∈ P1 by a suitable automorphism
of P1. The polynomials A(t) and B(t) are given in Proposition 4.2. We denote the set of
X ∈ (I∗24 ) satisfying
(1.2) t8A(1/t) = A(t) , t12B(1/t) = B(t)
by (I∗24 )2 and the set of X ∈ (I∗24 ) not satisfying (1.2) by (I∗24 )∗.
Now we state our main theorems.
MAIN THEOREM 1 (Kummer sandwich theorem for type I∗4). For any X ∈ (I∗24 )2,
there exists a Kummer surface S of product type together with symplectic involutions σ, τ
on S such that (i) the quotient surface S/〈σ 〉 is birational toX, and (ii) the quotient surface
S/〈σ, τ 〉 is birational to S itself. In particular, there exist rational maps of degree two:
(1.3) φ : S  X , ψ : X  S .
MAIN THEOREM 2. Every X ∈ (I∗24 )2 admits a Shioda-Inose structure. However,
the Kummer surface S in Main Theorem 1 is not a Shioda-Inose partner of X in general.
MAIN THEOREM 3. A general member Y of (I∗24 )∗ is isomorphic to an elliptic Kum-
mer surface S of product type. Furthermore, Y does not admit a Shioda-Inose structure.
The plan of this paper is as follows. We first introduce some definitions and lemmas
in §2 before discussing main subjects. In §3, we construct a certain elliptic fibration on a
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Kummer surface of product type. A double covering of a Kummer surface of product type
with respect to the elliptic fibration constructed in this section plays an important role in
the proof of Main Theorem 1. In §4, we give a concrete Weierstrass equation (1.1) with
some parameters. In §5, we prove Main Theorem 1. In §6, we describe geometric meaning
that an elliptic K3 surface X ∈ (I∗24 ) belonging to (I∗24 )2. To be more precise, X ∈ (I∗24 )2 if
and only if X is a double covering of a rational elliptic surface with one I∗4-fiber. In §7, we
give the definition of Shioda-Inose structure and prove Main Theorem 2. Finally, we give
the proof of Main Theorem 3 in §8.
2. Preliminaries
In this section, we give some definitions and lemmas which will be needed later. In
this paper we assume that all algebraic varieties are defined over the complex number field
C.
DEFINITION 2.1. A K3 surface X is a nonsingular projective variety of dimension
two with trivial canonical divisor and H 1(X,OX) = 0.
DEFINITION 2.2. Let C be a nonsingular projective algebraic curve. An elliptic
surface over C is a nonsingular projective algebraic surface X with a relatively minimal
elliptic fibration Φ : X → C, that is, Φ is a surjective morphism satisfying the following
properties.
(1) Almost all fibers are nonsingular elliptic curves.
(2) No fibers contain exceptional curves of the first kind.
(3) There exists a section σ : C → X, that is, a morphism such thatΦ ◦σ : C → C
is the identity on C.
LEMMA 2.3 ([9, §3 Theorem 1]). Let D be an effective divisor and E be an irre-
ducible curve on a K3 surface X. If D has the same type as a singular fiber of an elliptic
surface in the sense of Kodaira [2, §6] with (D,E) = 1, then there exists an elliptic fibra-
tion Φ : X → P1 such that D is a singular fiber of Φ. Moreover, any irreducible curve C
on X with (C,D) = 1 defines a section of Φ.
LEMMA 2.4 (Zariski’s lemma [1, III Lemma 8.2]). Suppose that D is an effective
divisor on an elliptic surface and SuppD is contained in a singular fiber. Then (D2) ≤ 0.
Moreover, (D2) = 0 if and only if D is a multiple of a singular fiber.
LEMMA 2.5. Let Φ : X → P1 be an elliptic surface and let Dν = Φ−1(tν) (1 ≤
ν ≤ l) be all singular fibers of Φ. We denote the Euler number of Dν , the number of
irreducible components ofDν by εν, mν , respectively.




εν = e(X) .
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(2) [11, Corollary 1.5] Let r(Φ) denote the rank of the group of sections of Φ. Then
the Picard number ρ(X) of X is given by
(2.2) ρ(X) = r(Φ)+ 2 +
l∑
ν=1
(mν − 1) .
The integral valuesmν and εν for each type of singular fibers of an elliptic surface are
given as follows:
type Iµ (µ ≥ 1) II III IV I∗µ (µ ≥ 0) II∗ III∗ IV∗
mν µ 1 2 3 µ+ 5 9 8 7
εν µ 2 3 4 µ+ 6 10 9 8
We finally construct a double covering of an elliptic surface over P1. LetΦ : X → P1
be an elliptic surface and let f : C → P1 be a double covering of P1 ramified only at two
points. By the Riemann-Hurwitz formula, we have C 
 P1. Let Ψ : Y → C denote the
elliptic fibration induced by Φ : X → P1. Namely, Y is the minimal resolution of the











DEFINITION 2.6. We call the surface Y , together with the rational map π : Y  X
of degree 2, the double covering of X with respect to the elliptic fibration Φ : X → P1
induced by f .
PROPOSITION 2.7. Let Φ : X → P1 be an elliptic K3 surface and π : Y  X be
the double covering of X induced by a double covering f : P1 → P1 ramified only at two
points. If the Euler number e(Y ) of Y is equal to 24, then Y is a K3 surface.
Proof. The elliptic fibration Ψ : Y → C induced by Φ has no multiple fiber because
it has a section. HenceKY = Ψ ∗(KC +DC) for a divisorDC of C such that Ψ∗OY (KY −
Ψ ∗KC) = OC(DC). By the Noether’s formula, we have
(2.3)
degDC = −χ(OY )
= −pg (Y )+ q(Y )− 1 = − (K
2
Y )+ e(Y )
12
= −2 ,
where q(Y ) is the irregularity of Y which is equal to dimH 1(Y,OY ). Since C 
 P1, this
implies q(Y ) = 0 and KY ∼ 0. Therefore, Y is a K3 surface. 
3. Certain Elliptic Fibration on a Kummer Surface
In this section, we construct an elliptic fibration with a singular fiber of type I∗4 on a
given Kummer surface of product type.
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THEOREM 3.1. Let S = Km(A) denote the Kummer surface associated with an
abelian surface of product type A = E1 × E2 with E1 and E2 being elliptic curves. Then
there exists an elliptic fibration Φ : S → P1 which has three singular fibers of types
I∗4, Iµ1 , Iµ2 with 0 ≤ µ1, µ2 ≤ 1.
We prove Theorem 3.1 through this section. A Kummer surface S = Km(A) is the
minimal resolution of the quotient surface A/ιA of A by the involution ιA : z → −z. The
quotient surface A/ιA has 16 singular points corresponding to 2-torsion points of A. Let
e1i (resp. e
2
j ) be a 2-torsion point of E1 (resp. E2) with 1 ≤ i, j ≤ 4. Then the sixteen 2-
torsion points of A are (e1i , e
2
j ) ∈ E1 ×E2 = A. Let Ei,j be the nonsingular rational curve
on S corresponding to the point (e1i , e
2
j ) of A. Let Fi (resp. Gi) be the image of {e1i } × E2
(resp. E1 × {e2i }) under the natural rational map α : A  S which is a nonsingular
rational curve on S. A Kummer surface S = Km(E1 ×E2) of product type has two elliptic
fibrations Φk : S → P1 (k = 1, 2) induced by the projections A → Ek . They are called
Kummer pencils. Let F (resp. G) be a general fiber of Φ1 (resp. Φ2). Each Φk has 4









Ei,j ∼ G (1 ≤ j ≤ 4) ,
where the symbol ∼ indicates the linear equivalence. Also the intersection number of these
curves are given as follows:
(3.2)
(F,G) = 2 , (F,Ei,j ) = (G,Ei,j ) = (Fi,Gj ) = 0 ,
(F,Gj ) = (G,Fi) = 1 , (E2i,j ) = (F 2i ) = (G2j ) = −2 ,
(Fi, Ei,j ) = (Gj ,Ei,j ) = δij .
The configuration formed by the 24 rational curves Ei,j , Fi and Gj is called the double
Kummer pencil on S (see Figure 1).
We consider the divisor D on S,
(3.3) D = E1,1 + E1,3 + E2,2 + E2,3 + 2(F1 + E1,4 +G4 + E2,4 + F2) ,
which is of type I∗4 (the bold lines in Figure 1). Thus by Lemma 2.3 we obtain an elliptic
fibration Φ : S → P1 having D as a singular fiber. Since (G1,D) = (G2,D) = 1, curves
G1 andG2 are sections ofΦ by Lemma 2.3. To find other singular fibers ofΦ, we consider
the following divisors,
(3.4) B1 = 2F3 + E3,1 + E3,2 + E3,3 , B2 = 2F4 + E4,1 + E4,2 + E4,3
(the dotted lines in Figure 1). Since each of the divisors B1 and B2 does not intersect with
D and each support of B1 and B2 is connected, the image Φ(Bλ) is a point tλ of P1 and
SuppBλ is contained in the singular fiber Φ−1(tλ) with λ = 1, 2. Since both B1 and B2
intersect with the section G1, they cannot be contained in the same fiber. Therefore, we
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FIGURE 1.
have t1 = t2. Hence from Theorem 3.1, it is sufficient to show that the types of singular
fibers Φ−1(t1) and Φ−1(t2) are I∗µ1 and I
∗
µ2
, respectively with µ1, µ2 ≤ 1.
We consider the following divisors:
(3.5) Ã1 = F +G− E1,2 − E2,1 − E4,4 , Ã2 = F +G− E1,2 − E2,1 − E3,4 .
The following proposition can be checked by easy calculations.
PROPOSITION 3.2. The above divisors Ã1 and Ã2 on S satisfy the following prop-
erties.
(1) Let C be an irreducible component of the singular fiber D or E3,1, E3,2, E3,3,
E4,1, E4,2, E4,3, G1 orG2. Then (Ã1, C) = (Ã2, C) = 0.
(2) (Ã1
2
) = (Ã22) = −2, (Ã1, Ã2) = 0.
(3) (Ã1, F3) = 1, (Ã2, F4) = 1.
LEMMA 3.3. There exist effective divisors Aν each of which is linearly equivalent
to Ãν , such that SuppAν is connected and contained in the singular fiber Φ−1(tν) with
ν = 1, 2.
Proof. We first prove that Ãν (ν = 1, 2) is linearly equivalent to an effective divisor.
By the Riemann-Roch theorem on the Kummer surface S and Proposition 3.2 (2), we have




)+ 2 = 1 .
Therefore, either Ãν or −Ãν is linearly equivalent to an effective divisor Aν . Since
(Aν,D) = 0 by Proposition 3.2 (1), each component of Aν lies in some fibers of Φ,
and (Aν, C) ≥ 0 for any irreducible curve C not contained in a fiber. On the other hand
we have Aν ∼ Ãν because (Ã1, E4,4) = (Ã2, E3,4) = 2. Let Aνl (l ≥ 1) be a connected
component of Aν . Each component Aνl is contained in a fiber of Φ. By Lemma 2.4, we
have (A2νl) ≤ 0. Since any fiber does not have a (−1)-curve, (A2νl) is even. Therefore, we
can assume that (A2ν1) = −2 and (A2νl) = 0 for l ≥ 2. Again, by the same lemma, Aνl is
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a multiple of a singular fiber of Φ for l ≥ 2. Hence Aν ∼ Aν1 + mΦ−1(t). Calculating
the intersection numbers of both sides with section G1 of Φ, we have m = 0. Thus Aν is
connected. 
LEMMA 3.4. The singular fibers Φ−1(tλ) are given as follows:
(3.7)
Φ−1(t1) = 2F3 + E3,1 + E3,2 + E3,3 + A1 ,
Φ−1(t2) = 2F4 + E4,1 + E4,2 + E4,3 + A2 .
In particular, Φ−1(t1) and Φ−1(t2) have at least 5 irreducible components and are not of
type In (n ≥ 1).
Proof. By Proposition 3.2 (3) and Lemma 3.3, SuppA1 is contained in the singular
fiber Φ−1(t1). Letting H = 2F3 + E3,1 + E3,2 + E3,3 + A1, we obtain (H 2) = 0. By
Lemma 2.4, we get H = mΦ−1(t1) (m ≥ 1). Since (H,G1) = 1 and (Φ−1(t1),G1) = 1,
m must be 1. This proves the first equality, and the second one can be proven similarly. 
The possibilities for the types of the singular fibers Φ−1(t1) and Φ−1(t2) are the fol-
lowing: I∗n (n ≥ 0), II∗, III∗, IV∗. Let mλ be the number of irreducible components of
Φ−1(tλ). Applying the formula (2.2) to the elliptic fibration Φ : S → P1, we obtain
(3.8) ρ(S) ≥ 2 + (9 − 1)+ (m1 − 1)+ (m2 − 1) .
Since S is aK3 surface, ρ(S) ≤ 20. This impliesm1 +m2 ≤ 12, and hence 5 ≤ m1,m2 ≤
7. This excludes the possibility for Φ−1(tλ) to be of type II∗ or III∗. If Φ−1(t1) is of type
IV∗ (m1 = 7), then Φ−1(t2) has m2 = 5 components, hence it is of type I∗0. Otherwise
Φ−1(t1) and Φ−1(t2) are of types I∗µ1 and I
∗
µ2
. In this case, settingmλ = µλ + 5 (λ = 1, 2)
in (3.8), we have µ1 + µ2 ≤ 2.
Now we have proven the following theorem.
THEOREM 3.5. Let S = Km(A) denote the Kummer surface associated with an
abelian surface of product type A = E1 × E2 with E1 and E2 being elliptic curves. Then
there exists an elliptic fibration Φ : S → P1 which has three singular fibers of types (i)
I∗4, Iµ1 , Iµ2 with 0 ≤ µ1 + µ2 ≤ 2 or (ii) I∗4, IV∗, I∗0.
We will prove that µ1, µ2 ≤ 1 in the case (i) and the case (ii) cannot occur.
We consider a double covering f : P1 → P1 ramified at two distinct points z1, z2 and
put
(3.9) f−1(z0) = {w01, w02} , f−1(z1) = {w1} , f−1(z2) = {w2} ,
where z0 ∈ P1 is different from z1, z2. We consider the double covering π : X  S
induced by f and the types of the fibers of Φ over z1, z2.
LEMMA 3.6. If Φ : S → P1 has three singular fibers of types I∗4, I∗µ1, I∗µ2 (that is
the case (i) in Theorem 3.5), then µ1, µ2 ≤ 1.




respectively and f : P1 → P1 be a double covering ramified at z1, z2. We denote the
double covering of S induced from f by π : X  S and the elliptic fibration onX induced
from Φ by Ψ : X → P1. Let Φ−1(zν) (ν = 0, 1, 2, . . . , l) be all the singular fibers of Φ
36 K. UTSUMI
and εν be the Euler number of Φ−1(zν). Since ε0 = 10 and ελ = µλ + 6 (λ = 1, 2), we
have
(3.10) µ1 + µ2 + (ε3 + · · · + εl) = 2 .
If we put f−1(zν) = {wν1, wν2} (ν ≥ 3), the singular fiber Ψ−1(wνi) (i = 1, 2) is of the
same type as Φ−1(zν), and Ψ−1(wλ) (λ = 1, 2) is of the type I2λ. By (3.10), we get
(3.11) e(X) = 2ε0 + 2µ1 + 2µ2 + (ε3 + · · · + εl) = 24 .
Hence X is a K3 surface by Proposition 2.7.
If µ1 = 2 or µ2 = 2, then Ψ has at least three singular fibers of types I∗4, I∗4, I4.
Therefore, we have ρ(X) ≥ 21, which contradicts with X being a K3 surface. 
LEMMA 3.7. The case (ii) in Theorem 3.5 cannot occur.
Proof. Suppose thatΦ : S → P1 has singular fibers of types IV∗, I∗4, I∗0 over z0, z1, z2
in this order. Then no more singular fibers of Φ exist by Lemma 2.5 (2). Thus X has just
three singular fibers of types IV∗, IV∗, I8. Therefore, Euler number of X is equal to 24. By
Proposition 2.7, X is a K3 surface. However ρ(X) ≥ 21, which is a contradiction. 
Now Theorem 3.1 follows immediately from Theorem 3.5 with Lemmas 3.6 and 3.7.
4. Weierstrass Equations for Certain K3 Surfaces
Since an elliptic surface X over C can be regarded as an elliptic curve over the func-
tion field of C, X has the Weierstrass equation over C(C). In the case where X is a K3
surface, its base curve is isomorphic to the projective line P1. Therefore, any elliptic K3
surface is an elliptic curve over the rational function field C(t). In this section, we exhibit
Weierstrass equations of elliptic K3 surfaces for our purpose. We use the Tate’s algorithm
freely (see [15]).
We use the notation P1T to indicate the projective line with an inhomogeneous coordi-
nate T .
DEFINITION 4.1. Let (I∗24 ) denote the set of elliptic K3 surfaces with two singular
fibers of type I∗4 over 0 and ∞ ∈ P1t .
PROPOSITION 4.2. Let X be an element of (I∗24 ). Then its Weierstrass equation is
given by
(4.1)
y2 = x3 − 3t2(t4 + a3t3 + a2t2 + a1t + 1)x
+ 2t3(t6 + b5t5 + b4t4 + b3t3 + b2t2 + b1t + 1) ,
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a41 − 8a21a2 + 32a1a3 + 16a22 − 64a2 − 16a23 + 64 = 0
a43 − 8a2a23 + 32a1a3 + 16a22 − 64a2 − 16a21 + 64 = 0 .
REMARK 4.3. The forth equation of (4.2) is presented in the following factored
form
(4.3) (a1 − a3)(a21 + a1a3 + a23 − 12a2 + 24) = 0 .
The family (I∗24 ) can be a two dimensional family since the family (I∗24 ) is parameterized
by three parameters a1, a2, a3 with one equation (4.3). It is consistent with the fact that
the Picard number of a member of (I∗24 ) is at least 18.
Proof of Proposition 4.2. We can write the Weierstrass equation of an elliptic K3
surface X under the form
(4.4) y2 = x3 − 3Ax + 2B
with polynomial coefficients A,B ∈ C[t], degA ≤ 8, degB ≤ 12. Since X has a singular
fiber of type I∗4 over t = 0, we have ordt A = 2, ordt B = 3 and ordt  = 10, where
 = 108(B2 − A3) is a discriminant of the elliptic curve X over C(t). Therefore, we can
put A = t2A1, B = t3B1, where A1 = ∑6i=0 aiti , B1 = ∑9i=0 biti (a0, b0 = 0). To
consider the same condition at t = ∞, substituting t = 1
τ
in (4.4), we get















By a simple coordinate change, this equation can be converted to











We put Ã(τ ) = τ 6A1( 1τ ), B̃(τ ) = τ 9B1( 1τ ). Since X has a singular fiber of type I∗4 over
τ = 0 (i.e. t = ∞), we have ordτ Ã(τ ) = 2, ordτ B̃(τ ) = 3 and ordτ ̃ = 10, where
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̃ = 108(B̃2 − Ã3). Letting Ã = τ 2Ã1, B̃ = τ 3B̃1 (Ã1, B̃1 ∈ C[τ ]), then we get Ã1(0)
and B̃1(0) = 0. Also Ã1(τ ), B̃1(τ ) satisfy the following relations.









+ a4 + a3τ + a2τ 2 + a1τ 3 + a0τ 4 ∈ C[τ ] ,
and
(4.8)











+ b6 + b5τ + b4τ 2 + b3τ 3 + b2τ 4 + b1τ 5 + b0τ 6
∈ C[τ ] .
Hence, we get a6 = a5 = 0, a4, a0 = 0, b9 = b8 = b7 = 0 and b6, b0 = 0. By the


















multiplying both side of (4.4) by µ6 and replacing µ3y → y, µ2x → x, we have a0 =
a4 = b0 = b6 = 1. Since (t) = 108t6(B1(t)2 − A1(t)3) and ̃(τ ) = 108τ 6(B̃1(τ )2 −
Ã1(τ )
3), the conditions ordt (B1(t)3−A1(t)2) = 4 and ordτ (B̃1(τ )2−Ã1(τ )3) = 4 translate
to the equations in (4.2). The last two conditions in (4.2) imply that the types of two fibers
over 0 and ∞ ∈ P1t are not I∗n with n ≥ 5 but are both exactly I∗4. 
DEFINITION 4.4. Let (I∗24 )2 be the set ofX ∈ (I∗24 ) defined by the condition a1 = a3
in (4.2), and (I∗24 )∗ be the set of X ∈ (I∗24 ) defined by a21 + a1a3 + a23 − 12a2 + 24 = 0.
REMARK 4.5. The condition a21+a1a3+a23−12a2+24 = 0 is same as the condition
a1 = a3 under the condition (4.2). Indeed, if a1 = a3, then it follows from (4.3) that
a21 +a1a3+a23 −12a2+24 = 0 . Conversely, if the condition a21 +a1a3+a23−12a2+24 = 0
is satisfied, then the last two conditions in (4.2) is presented in the following factored form
(4.11)
(a1 − a3)2(2a1 + a3 − 12)(2a1 + a3 + 12) = 0
(a1 − a3)2(a1 + 2a3 − 12)(a1 + 2a3 + 12) = 0 .
REMARK 4.6. The equations and conditions of condition (4.2) are symmetric for a1
and a3. If a1 = a3, then A and B in (4.4) satisfy t8A(1/t) = A(t) and t12B(1/t) = B(t).
Conversely, if A and B in (4.4) satisfy t8A(1/t) = A(t) and t12B(1/t) = B(t) in (4.4),
then a1 = a3.
PROPOSITION 4.7. Every X ∈ (I∗24 )2 has the Weierstrass equation
(4.12)
Xα,β : y2 = x3 − 3t2(t4 + 4αt3 + 2βt2 + 4αt + 1)x
+ 2t3(t2 + 2αt + 1)(t4 + 4αt3 − (2α2 − 3β + 1)t2 + 4αt + 1) ,
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where α, β ∈ C satisfy the condition
(4.13) 2α2 − β + 1 = 0 .
The pair (α2, β) is uniquely determined by X.
Proof. Set a1 = a3 = 4α and a2 = 2β in Proposition 4.2, and we have the equation.
After choosing the coordinates t, x, y as above, the remaining freedom for them is
(4.14) t → ±t , x → ±x , y → ±y, ±iy .
This implies the uniqueness of the pair (α2, β) as asserted. 
The equation (4.12) is converted to
(4.15)




























− 2α2 + 3β − 3
)
by a simple coordinate change.
PROPOSITION 4.8. Every Y ∈ (I∗24 )∗ has the Weierstrass equation
(4.16)
Yα,β : y2 = x3 − 3t2(t4 + 12αt3 + 2(6α2 + 6αβ + 6β2 + 1)t2 + 12βt + 1)x
+ 2t3(t6 + 18αt5 + 3(24α2 + 6αβ + 6β2 + 1)t4
+ 18(α + β)(6αβ + 1)t3
+ 3(6α2 + 6αβ + 24β2 + 1)t2 + 18βt + 1) ,
where α, β ∈ C satisfy the condition
(4.17) (α − β)(α + 2β + 1)(α + 2β − 1)(2α + β + 1)(2α + β − 1) = 0 .
Proof. Set a3 = 12α, a1 = 12β in Proposition 4.2. 
We refer to a difference between (I∗24 )2 and (I∗24 )∗ in aspect of quadratic twist of elliptic
surfaces. Let Xtα,β be the quadratic twist of Xα,β ∈ (I∗24 )2 by the polynomial t . Then the
Weierstrass equation of Xtα,β is given by
(4.18)
Xtα,β : y2 = x3 − 3(t4 + 4αt3 + 2βt2 + 4αt + 1)x
+ 2(t2 + 2αt + 1)(t4 + 4αt3 − (2α2 − 3β + 1)t2 + 4αt + 1) .
This is a rational elliptic surface with two I4-fibers over 0 and ∞ ∈ P1t with its Mordell-
Weil group isomorphic to A∗⊕21 ⊕ Z/2Z. It is classified as Type No. 35 by Oguiso and
Shioda [8]. Similarly, the quadratic twist Y tα,β of Yα,β ∈ (I∗24 )∗ by the polynomial t is also a
rational elliptic surface with two I4-fibers over 0 and ∞ ∈ P1t with its Mordell-Weil group
isomorphic to 〈 14 〉⊕2. It is classified as Type No. 36 in [8]. The Weierstrass equation of
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Y tα,β is given by
(4.19)
Y tα,β : y2 = x3 − 3(t4 + 12αt3 + 2(6α2 + 6αβ + 6β2 + 1)t2 + 12βt + 1)x
+ 2(t6 + 18αt5 + 3(24α2 + 6αβ + 6β2 + 1)t4
+ 18(α + β)(6αβ + 1)t3
+ 3(6α2 + 6αβ + 24β2 + 1)t2 + 18βt + 1) .
Although they have the same type of singular fibers, their Mordell-Weil lattices are
not isomorphic. In particular, Xtα,β has a rational 2-torsion point, but Y
t
α,β does not.
5. Proof of Main Theorem 1
We prove Main theorem 1, which is so called Kummer sandwich theorem for type I∗4.
An analogous theorem was shown by Shioda [12] for type II∗.
PROPOSITION 5.1. Suppose that elliptic curves E1, E2 are defined by the Legendre
form
(5.1) Ei : y2 = xi(xi − 1)(xi − λi) λi = 0, 1 .
If S = Sλ1,λ2 := Km(E1 × E2) has an elliptic fibration f : S → P1s with two singular
fibers of type I8 over s = 0 and s = ∞ ∈ P1s , then the Weierstrass equation of S with
respect to this fibration is given by
(5.2)
y2 = x3 − 3(s8 + 4αs6 + 2βs4 + 4αs2 + 1)x
+ 2(s4 + 2α2 + 1)(s8 + 4αs6 − (2α2 − 3β + 1)s4 + 4αs2 + 1) ,
where
(5.3)
α = − (λ1 + 1)(λ2 + 1)





2 + 2λ21λ2 + 2λ1λ22 + 3λ21 − 12λ1λ2 + 3λ22 + 2λ1 + 2λ2 + 3
(λ1 − 1)2(λ2 − 1)2 .
Proof. It follows from [3, §2] by a coordinate change. 
REMARK 5.2. There exist some couples (λ1, λ2) satisfying (5.3) for given α, β ∈
C. However the product E1 ×E2 of elliptic curves is uniquely determined by (α2, β) up to
isomorphism. Therefore, Kummer surface S = Km(E1 × E2) is uniquely determined by
X up to isomorphism by Proposition 4.7.
PROPOSITION 5.3. The Kummer surface S = Sλ1,λ2 admits another elliptic fibra-
tion Φ : S → P1u having three singular fibers of types I∗4, I∗µ1, I∗µ2 with µ1, µ2 ≤ 1. If we
make a change of coordinates of the base curve P1u such that these three fibers are located
at u = ∞, 2,−2 in this order, the defining Weierstrass equation is given by
(5.4)
y2 = x3 − 3(u2 + 4αu+ 2β − 2)(u2 − 4)2x
+ 2(u3 + 6αu2 + (6α2 + 3β − 3)u− 4α3 + 6αβ − 6α)(u2 − 4)3 ,
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where α, β are determined by (5.3). Its discriminant is given by
(5.5) (u) = −108(2α2 − β + 1)2(u− 2)6(u+ 2)6(3u2 + 12αu+ 8β − 4α2 − 8) .
Proof. The first assertion comes from Theorem 3.1. The second assertion follows
from [3, § 4] by a simple coordinate change. 
THEOREM 5.4 (Kummer sandwich theorem for type I∗4). For any X ∈ (I∗24 )2, there
exist a Kummer surface S = Km(E1 ×E2) of the product of two elliptic curves E1, E2 and
symplectic involutions σ, τ ∈ Aut(S) such that
(i) S/〈σ 〉 is birational to X,
(ii) S/〈σ, τ 〉 is birational to S itself.
In particular, there exist rational maps of degree two:
(5.6) φ : S  X , ψ : X  S .
Proof. Take any K3 surface X ∈ (I∗24 )2. The Weierstrass equation of Ψ : X → P1t is
given by (4.12). We consider double covering S ofX induced by the double covering of P1t









Putting t = s2 into (4.12), dividing the equation by s6, and replacing y/s3 by y and x/s2
by x, the equation of S becomes
(5.7)
y2 = x3 − 3(s8 + 4αs6 + 2βs4 + 4αs2 + 1)x
+ 2(s4 + 2α2 + 1)(s8 + 4αs6 − (2α2 − 3β + 1)s4 + 4αs2 + 1) .
By Proposition 5.1 and Remark 5.2, it is an elliptic Kummer surface having two singu-
lar fibers of type I8 over s = 0,∞ and S is isomorphic to the Kummer surface Sλ1,λ2 =
Km(E1 ×E2), where λi is a Legendre parameter ofEi and α, β, λ1, λ2 satisfy (5.3). There-
fore, we have the rational map of degree two from S to X defined by
(5.8) φ : S  X ; (x, y, s) → (x, y, t) , t = s2 .
Let σ and τ be the involutions of S defined by
(5.9) σ : (x, y, s) → (x, y,−s) , τ : (x, y, s) → (x,−y, 1/s) .
Since the image of φ is birational to S/〈σ 〉 by the definition of φ, X is birational to S/〈σ 〉.
Hence S/〈σ, τ 〉 is birational to X/〈τ 〉, where τ is the involution of X induced by τ :
(5.10) τ̄ : (x, y, t) → (x,−y, 1/t) .
The Weierstrass equation of Ψ : X → P1t can also be written under the form (4.15), which
is given by a coordinate change of (4.12). The map τ̄ is also represented by (5.10) after the
change of coordinates. The invariant subfield of the function field C(x, y, t) ofX under the
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involution τ̄ is generated by the three elements x, u = t + 1
t










= (u2 − 4)(x3 − 3(u2 + 4αu+ 2β − 2)x
+ 2(u3 + 6αu2 + (6α2 − 3β − 3)u− 4α3 + 6αβ − 6α)) .
Letting











the function field of X/〈τ̄ 〉 is isomorphic to C(ξ, η, u) with the relation:
(5.13)
η2 = ξ3 − 3(u2 + 4αu+ 2β − 2)(u2 − 4)2ξ
+ 2(u3 + 6αu2 + (6α2 + 3β − 3)u− 4α3 + 6αβ − 6α)(u2 − 4)3 .
Therefore, X/〈τ̄ 〉 is birational to S by Proposition 5.3 and the map
(5.14) ψ : X  S ; (x, y, t) → (ξ, η, u)















6. Geometric Characterization of (I∗24 )2
Although it seems that the condition which distinguishes (I∗24 )2 from (I∗24 )∗ in Defini-
tion 4.4 is technical, it has geometric meaning. An ellipticK3 surfaceX ∈ (I∗24 ) belongs to
(I∗24 )2 if and only if X is a double covering of a rational elliptic surface over P1 having one
I∗4-fiber induced by a double covering of P1 ramified at two points different from the point
which I∗4-fiber falls into. Indeed, such a rational elliptic surface is determined uniquely up
to isomorphism (see [4]).
THEOREM 6.1. EveryX ∈ (I∗24 )2 is a double covering of the unique rational elliptic
surface with one singular fiber of type I∗4.
Proof. For any X ∈ (I∗24 )2, substituting T = t + 1t in (4.15), we get
(6.1)
y2 = x3 − 3(T 2 + 4αT + 2β − 2)x
+ 2(T + 2α)(T 2 + 4αT − 2α2 + 3β − 3)
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and its discriminant is
(6.2) −108(2α2 − β + 1)2(3T 2 + 12αT − 4α2 + 8β − 8) .
We denote by γ1, γ2 the two roots of (6.2). This is a Weierstrass equation for a rational
elliptic surface Ψ : Y → P1T having a I∗4-fiber over ∞ ∈ P1T and two I1-fibers over
γ1, γ2 ∈ P1T .
Also, the double covering ramified at T = 2 and T = −2
(6.3) f : P1t → P1T ; t → T = t +
1
t









A rational elliptic surface having one I∗4-fiber is determined uniquely up to isomor-
phism and symbolized by X411 in [4]. Its Weierstrass equation is given by
(6.4) y2 = x3 − 3(T 2 − 3)x + T (2T 2 − 9) ,
and its discriminant is
(6.5) 729(T − 2)(T + 2) .
Thus, the surfaces determined by the Weierstrass form (6.1) and (6.4) are isomorphic.
This isomorphism is induced by the projective transformation P1 → P1 ; ∞ → ∞, γ1 →
2, γ2 → −2. 
THEOREM 6.2. Let f : Pt → PT be a double covering ramified at two points T =
z1, z2 with z1, z2 = ∞. Let Ψ : Y → P1T be the rational elliptic surface in Theorem 6.1
and let Φ : X → Pt be the double covering of Y with respect to the elliptic fibration
Ψ : Y → P1T induced by f . Then X is a member of (I∗24 )2.
Proof. The collection of the singular fibers of Φ : X → P1t falls into the following
three cases according to the ramification points z1, z2.
(i) I∗4, I∗4, I2, I2, if {z1, z2} = {2,−2},
(ii) I∗4, I∗4, I2, I1, I1, if zi ∈ {2,−2} and zj /∈ {2,−2} (i = j),
(iii) I∗4, I
∗
4, I1, I1, I1, I1, if z1, z2 /∈ {2,−2}.
Without loss of generality, we may put f (1) = z1, f (−1) = z2 and f (∞) = ∞.
Thus, the double covering f can be written by







+ z1 + z2
2
.
Substituting this in (6.4), we obtain










































(6.9) µ = 2√
z1 − z2 .
Multiplying both sides of (6.7) by (µt)6, replacing (µt)3y by y and (µt)2x by x, the
Weierstrass equation of Φ : X → Pt becomes
(6.10)
y2 = x3 − 3t2(t4 + 4αt3 + 2βt2 + 4αt + 1)x
+ 2t3(t2 + 2αt + 1)(t4 + 4αt3 − (2α3 − 3β + 1)t2 + 4αt + 1) ,
where
(6.11) α2 = (z1 + z2)
2
(z1 − z2)2 , β =
3(z1 + z2)2 − 4z1z2 − 24
(z1 − z2)2 .
This equation coincides in (4.12), and thus X ∈ (I∗24 )2 by Proposition 4.7. 
7. Proof of Main Theorem 2
We prove Main Theorem 2 in this section. We first show that everyX ∈ (I∗24 )2 admits a
Shioda-Inose structure. Next, we show that the symplectic involution given in Theorem 5.4
does not induce a Shioda-Inose structure in general.
Let U be the hyperbolic plane, that is, U is an integral lattice of rank 2 whose bilinear





DEFINITION 7.1. A K3 surface X admits a Shioda-Inose structure if there exists a
symplectic involution ι on X with rational quotient map π : X  S such that S is a Kum-
mer surface, and π∗ induces a Hodge isometry TX(2) 
 TS , where TX is a transcendental
lattice of X and TX(2) is the lattice TX with the bilinear form multiplied by 2.
The Kummer surface S is called a Shoida-Inose partner of X.
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of rational maps of degree 2, where A is the abelian surface whose Kummer surface is S.
This diagram induces a Hodge isometry TX 
 TA.
By the following lemma, whether or not a K3 surface X admits a Shioda-Inose struc-
ture is determined by the Néron-Severi lattice NS(X) of X.
LEMMA 7.3 (Morrison [5, Theorem 6.3, Corollary 6.4]). Let X be a K3 surfaces.
Then the following are equivalent.
(1) X admits a Shioda-Inose structure.
(2) There exist an abelian surface A and a Hodge isometry TX 
 TA.
(3) There is a primitive embedding TX ↪→ U3.
(4) There is an embedding E8(−1)2 ↪→ NS(X).
Furthermore, X admits a Shioda-Inose structure if ρ(X) is equal to 19 or 20.
Let Φ : X → C be an elliptic surface. The Néron-Severi lattice NS(X) is determined
by the singular fibers and the Mordell-Weil group of Φ (see [11, Theorem 1.1]). For X ∈
(I∗24 ) there is an embedding D8(−1) ⊕ D8(−1) ↪→ NS(X). However, it is not clear from
this whether or not X admits a Shioda-Inose structure.
THEOREM 7.4. Every X ∈ (I∗24 )2 admits a Shioda-Inose structure.
Proof. If ρ(X) = 19 or 20, then X admits a Shioda-Inose structure by Lemma 7.3.
Thus, we assume ρ(X) = 18. We denote the elliptic fibration on X by Φ : X → P1t .
Let u0, . . . , u8 (resp. v0, . . . , v8) be the irreducible components of the singular fiber of

































Assume tahe u0 and v0 intersect with the zero section O of Φ : X → P1t . Let F be a
general fiber of Φ.
Since the Weierstrass equation of X is given by (4.12), the point
(x, y) = (t (t2 + 2αt + 1), 0)
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is a rational point of order two which defines the section Q of Φ : X → P1t . The section
Q intersects with the singular fibers with multiplicity 1 by Lemma 2.3. Furthermore, com-
puting the singular fibers over 0 and ∞ ∈ P1 in Tate’s algorithm, we know that Q dose not
intersect with u0, u1, v0, v1 (see [14, IV §9]). Thus, we may assume that Q intersects with
u8 and v8. Therefore, NS(X) contains the divisors u0, . . . , u8, v0, . . . , v8, F, O, Q with
the following relation:
(7.1)
2Q ≈ 4F + 2O − (u1 + 2u2 + 3u3 + 4u4 + 5u5 + 6u6 + 3u7 + 4u8)
− (v1 + 2v2 + 3v3 + 4v4 + 5v5 + 6v6 + 3v7 + 4v8) ,
where the symbol ≈ indicates the algebraic equivalence ([11, Theorem1.1.]). Since
(Q,Q) = −2, we have
(7.2)
〈u2, u3, u4, u5, u6, u7, u8,Q〉 
 〈O, v0, v1, v2, v3, v4, v5, v6〉

 E8(−1)
by Figure 2. Consequently, we have E8(−1)2 ↪→ NS(X). Therefore, X admits a Shioda-
Inose structure by Lemma 7.3 (4).

Next, we prove the last part of Main Theorem 2.
THEOREM 7.5. For any X ∈ (I∗24 )2 with ρ(X) = 18, the Kummer surface S in
Theorem 5.4 is not a Shioda-Inose partner of X.
Proof. If S is a Shioda-Inose partner ofX, then there exist a rational map π : X  S
of degree two and the homomorphism π∗ : H 2(X,Z) → H 2(S,Z) which induces a Hodge
isometry TX(2) 
 TS . Thus, it is sufficient to show that TX(2) is not isomorphic to TS .
FIGURE 2.
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Since X has a unique rational 2-torsion point by the proof of Theorem 5.4, NS(X) has
a sublattice isomorphic to D8(−1)⊕2 ⊕ U with index 2. Thus, we have
(7.3)
| detTX| = | det NS(X)|
= | det(D8(−1)
⊕2 ⊕ U)|




Since the rank of TX is 4, we obtain
(7.4) | detTX(2)| = 24 · | detTX| = 26 .
On the other hand, since S also has a unique rational 2-torsion point, NS(S) has a sublattice
isomorphic to D8(−1)⊕D4(−1)⊕2 ⊕ U with index 2. Thus, we get
(7.5)
| detTS | = | det NS(S)|
= | det(D8(−1)⊕D4(−1)
⊕2 ⊕ U)|




Therefore, TX(2) is not isomorphic to TS . 
REMARK 7.6. In the case where ρ(X) = 19, if X ∈ (I∗24 )2 has one I2-fiber, then
it can be shown that the Kummer surface S is not a Shioda-Inose partner of X in a similar
way. However, in the case where X ∈ (I∗24 )2 has two I2-fibers, and thus ρ(X) = 20, S is a
Shioda-Inose partner and the rational map ψ : X  S induces the Shioda-Inose structure.
This is shown by checking that the homomorphism ψ∗ : TX → TS is bijective.
8. Proof of Main Theorem 3
We prove Main Theorem 3 in this section. We first show that a general member of
(I∗24 )∗ is isomorphic to a Kummer surface of product type. Next, we show that general
member of (I∗24 )∗ does not admit a Shioda-Inose structure.
DEFINITION 8.1. An elliptic K3 surface X ∈ (I∗24 ) is called general if ρ(X) = 18.
THEOREM 8.2. A general member X of (I∗24 )∗ is isomorphic to a Kummer surface
of product type.
Proof. Let E1and E2 be elliptic curves defined by the Legendre form
(8.1) Ei : y2 = xi(xi − 1)(xi − λi) λi = 0, 1 ,
and assume that λ1 = λ2 and λ1λ2 = 1. The elliptic Kummer surface S = Km(E1×E2) →
P1t having two singular fibers of type I
∗
4 over t = 0 and t = ∞ ∈ P1t with ρ(S) = 18 has
the following Weierstrass equation([3, §4]),
(8.2)
y2 = x3 + (λ1t2 − (2λ1λ2 − λ1 − λ2 + 2)t + λ2)tx2




a1 = 2λ1λ2 − 4λ1 − 4λ2 + 2√
λ1λ2
,
a3 = −4λ1λ2 − 2λ1 − 2λ2 + 4√
λ1λ2
and converting (8.2) by a simple coordinate change, we get the equation (4.1), where a2
and bi (i = 1, . . . , 5) satisfy (4.2). Since
(8.4) a1 − a3 = 6(λ1 − 1)(λ2 − 1)√
λ1λ2
= 0 ,
we get Km(E1 × E2) ∈ (I∗24 )∗. Conversely, for given a1, a3, there exist two pairs {λ1, λ2}
satisfying (8.3). Calculating j -invariants of Ei defined by λi , we realize that these pairs
define mutually isomorphic Kummer surfaces. Hence, general X ∈ (I∗24 )∗ is isomorphic to
a Kummer surface of product type. 
THEOREM 8.3. A general memberX of (I∗24 )∗ dose not admit a Shioda-Inose struc-
ture.
Proof. By Theorem 8.2 X is a Kummer surface of product type with ρ(X) = 18.
Thus, the assertion follows immediately from the following lemma. 
LEMMA 8.4. Let X be a Kummer surface with Picard number 18. Then X does not
admit a Shioda-Inose structure.
Proof. SinceX is a Kummer surface with ρ(X) = 18, TX is isomorphic to an integral






4a 2b0 2b 4c

 ,
where a, b, c ∈ Z (see [5, Corollary 4.4 (ii)]). We suppose X admits a Shioda-Inose
structure. Then there is a primitive embedding U ↪→ TX by Lemma 7.3. Therefore, there
exists an integral matrix P of size 2 × 4 such that






However, we see that this equation has no integral solutions by some easy calculations.
This is a contradiction. 
REMARK 8.5. The torsion part of the Mordell-Weil group of an elliptic K3 surface
X ∈ (I∗24 ) with ρ(X) = 18 is {0} or Z/2Z by [10]. Every X ∈ (I∗24 )2 has a 2-torsion point
as we showed in the proof of Theorem 7.4. Thus, the torsion part of the Mordell-Weil group
of a general member of (I∗24 )2 is Z/2Z. On the other hand, a general member of (I∗24 )∗ is
a Kummer surface of product type which is denoted by J11 in [7]. It is shown that its
torsion part of the Mordell-Weil group is {0}. Therefore, a general member of (I∗24 )2 admits
a Shioda-Inose structure if and only if the Mordell-Weil group has a nontrivial torsion point.
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